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1 Introduction to sliding mode control

Sliding mode control (SMC) is a powerful, robust, and computing-wise easy-to-
implement control method. Equivalent to the proportional integral derivative con-
troller (PID controller), once the control parameters are defined, the controller can
be easily implemented on a microcontroller. Moreover, due to its robustness, it can
handle disturbances or inaccuracies in either the system model or other parameters
to a certain degree. It is commonly used to control nonlinear systems. However, it
can be used for linear control tasks as well [2].

Compared to other nonlinear control methods, such as model predictive control
(MPC), the advantage of sliding mode control is its less complexity at run time.
The sliding mode control parameters have to be defined only once to yield a con-
stant controller structure, whereas MPC has an optimization algorithm that changes
the control parameters during the runtime. Consequently, MPC needs more compu-
tational resources, which means more expensive controllers. Therefore sliding mode
control is commonly used, in several applications like the aerospace industry [9],
electric drives [4], and automotive systems [5].

1.1 Basic idea

The mathematical concept of SMC is based on using a sliding manifold, a mathemat-
ical function that represents the desired system behavior. To force the system to the
desired behavior, SMC applies a control signal to the system such that the system
will slide along the so-called sliding surface or more generally, sliding manifold. The
sliding manifold is, in the case of a three-dimensional system, a two-dimensional sur-
face, and in the case of a two-dimensional system a one-dimensional line. Generally,
the order n of the sliding manifold can be calculated by the systems order m reduced
by one (n = m—1). The control input is calculated by the usage of a switching func-
tion. Depending on the position of the system with respect to the sliding surface,
the ultimate trajectory will not exist entirely with one control structure. Therefore,
it will slide along the boundaries of the control structures [7].
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Figure 1: Sliding manifold of a 2"¢ order system. [6]
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Figure 2: Sliding phase with chattering [8]

The pictures above show two different phase plots of a second order system that
visualize the basic concept of SMC. In a second order system the sliding manifold is
a line. Based on the starting condition z(ty), the trajectories will start on different
starting positions within the phase plot (Figure 1). The first stage in SMC is the
reaching phase, where the trajectory moves toward the sliding surface s(x) = 0. As
soon as it has reached this surface, it will slide along the sliding surfaces until it
reaches its stable position in origin. Since the trajectory does not always hit the
sliding surface perfectly, the trajectory chatters along the sliding surface (Figure 2).
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1.2 General design rules for SMC

The subspace that fulfills the condition s(x) = 0 is called the sliding surface. When
the system reaches this area, the system is asymptotically stable. To reach this
subspace the following conditions are considered. If s(x) > 0 than its derivative
has to be $(x) < 0. On the other hand if s(x) < 0 than the derivative has to be
$(x) > 0. These two conditions will ensure that the system will be attracted to
move toward the desired system behavior s(x) = 0 (see Figure 3). Derived from
that, consequently, the following condition holds: s(x)$(x) < 0.[1]

Hence this condition is necessary, it does not ensure that the system will reach these
states in a finite time. The reachability in a finite time is already proven for example
in [7], therefore no further prove will be done again.

s(x(t)

If s(x(t))>0 then s‘(x(t))<0

s(x(t))=0

If s(x(t))<O then s‘(x(t))>0

Figure 3: Sliding surface over time

The formulas to design the sliding mode control are introduced next. In this report
the linear sliding surface

s(x) =rTT = ray + ramy + .+ e, (1.2.1)

with r,, = 1 is used.
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The derivative of s(zx) is given in the following equation

i(x) = r'd = grad’ s(x)x,
T = Ax + bu,
$(x) = grad’ s(x)(Az + bu). (1.2.2)

Based on the above mentioned design rules for SMC, the following condition holds

0 if 0
sa)=4"" s(@) <0, (1.2.3)
<0 ifs(x)>0.
From equation (1.2.3), the inequality
s(x)$(x) <0 (1.2.4)

is obtained.

When does sliding occur?

Based on condition (1.2.3), it is evident in which direction the system should move.
To investigate if this condition is fulfilled, the gradient will be used. By applying
the scalar product Vs(x) - f, it can be calculated in which direction the vectors f;
and fy are pointing. If the scalar product is positive, both vectors point in the same
direction. Otherwise, the vectors point in the opposite direction. Finally, condition
(1.2.3) can be proven, and sliding occurs, if the following condition will be respected

3]
0s(x)
ox

fi=Lps(x) <0 and fa=Lgs(x) > 0.

s(x(t))=0

/ s(x(t))<0

Figure 4: Check when sliding occurs. f; is the system behavior if s(x) > 0, fs is the
system behavior if s(x) < 0 and s(x) = 0 is the sliding manifold.[3]
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Controllable canonical form

The controller design for linear and nonlinear systems will be described in the next
chapters. An essential condition for both cases (linear and nonlinear) is that the
system has to be noted in controllable canonical form

T 0 r - 0 0 T 0

T 0 0o .- 0 0 2 0

: =1 : DT : : : + || u=Az+bu,
Tp_1 0 0o - 0 1 Tpn_1 0

Ty | —ao —a1 -0 —Ap—2 —An-1| \ Tp 1

for linear system, and

Z1 22 29 0

' - = + u=a(z)+b(z)u
Zn—1 Zn Zn

2n Lyc(x) + Ly Ly c(z)u a(z) B(z)

for nonlinear system.

If the system is not already in this form, the state space model has to be transformed
into the desired ”controllable canonical form“. Therefore, it could be necessary to
introduce new variables, such as in a cascaded RC circuit (see chapter 2.1.1).

Furthermore, in a nonlinear system, the new variables will be calculated with the
help of the Lie derivative (see chapter 2.2.1). To better understand how this can be
done, in chapter 2, several calculation examples for a second-order system will be
shown.
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1.3 Control methods

Several control methods with different properties will satisfy the general design rules
(chapter 1.2) for SMC. In this report, three different methods were investigated. All
these three methods use the approach to describe $(x) by a particular function.
1.3.1 Reaching law with constant rate

For this method, the following ansatz will be used [6]:

s(x) = —esign(s(x)) with control parameter € > 0 (1.3.1)

i) = {—asign(s+(a:)) =—-e<0 ifs(x)>0 (1.3.2)

—esign(s_(x)) =+ >0 if s(x) <0
With proof 1.3.2, it can be shown formula 1.3.1 fulfills the conditions 1.2.3 and 1.2.4.

1.3.2 Exponential reaching law by Gao and Hung
For this method, the following ansatz will be used [6]:

$(x) = —esign(s(x)) — ks(x) with control parameters ¢ > 0 and £ >0 (1.3.3)

(1.3.4)

S(x) = —esign(sy(x)) — ksy(x) = —e — ks (x) <0 if s(x) >0
—esign(s_(x)) —ks_(x) =4+e —ks_(x) >0 if s(x) <0

With proof 1.3.4, it can be shown formula 1.3.3 fulfills the conditions 1.2.3 and 1.2.4.

1.3.3 Reaching law with power rate
For this method, the following ansatz will be used [6]:

s(x) = —k|s(x)|*sign(s(x)) with control parameters £ > 0 and 0 < o < 1 (1.3.5)

() {—k|s+(m)|0‘sz’gn(s+(w)) = —klsi(x)]* <0 ifs(x)>0 (13.6)

i —E|s_(2)|"sign(s_(x)) = +E|s_(€)|* > 0 if s(z) < 0

With proof 1.3.6 it can be shown formula 1.3.5 fullfills the conditions 1.2.3 and 1.2.4.
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1.4 Linear controller calculation

Derived from the definition of the sliding surface (equation (1.2.1)) and its derivative
equation (1.2.2). It is possible to calculate the corresponding controller u(t) for each
control method individually. The following calculations consider a linear system
which can be described as € = Ax + bu.

1.4.1 Linear controller for reaching law with constant rate

General equation

u(@) = —- A +:Tszgn(8($)) (1.4.1)

2nd

Special case order

The matrix A, vector b, vector & and the vector r7 will be defined as

A- {O 1}, (1.4.2)

b— <£1> , (1.4.3)
T = (2) : (1.4.4)

r’ = (r,1). (1.4.5)

With these definitions the equation (1.4.1) can be simplified as

—x1a9 — x2(r1 + a1) — esign(rizy + x3)
u(x) = b, :
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1.4.2 Linear controller for reaching law with exponential rate

General equation

rT Az + esign(s(x)) + ks(x)
rTb

u(z) = — (1.4.6)

Special case 2" order

With the definitions 1.4.2 to 1.4.5 the equation (1.4.6) can be simplified as

—z1a0 — x2(r1 + a1) — esign(rizy + x) — k(rix; + 2)
u(x) = b, .

1.4.3 Linear controller for reaching law with power rate

General equation

T Az + ks(z)|*sign(s(x))
rTh

u(x) = (1.4.7)

Special case 2" order

With the definitions 1.4.2 to 1.4.5 the equation (1.4.7) can be simplified as

—x1a0 — T2(r1 + a1) — klrizy + x2|*sign(riz + 2)
u(x) = bl .
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1.5 Nonlinear controller calculation

In the case of a nonlinear system, the starting point to calculate the controller is
slightly different because the system can not be represented in the same way as
the linear system. A nonlinear system can be represented by 2 = a(z) + l;(z)u
Therefore applies analogously

5(z) = grad®s(2)z,

§(z) = grad®s(z)(a(z) + b(z)u). (1.5.1)

By reshaping equation (1.5.1) to u based on the corresponding control method from
section 1.3, it is possible to calculate the controller.

1.5.1 Nonlinear controller for reaching law with constant rate

General equation

u(z) = - = (1.5.2)

Special case 2" order

The vector @(z), vector b(z) and vector z will be defined as

a(z) = <Oj2z )) , (1.5.3)

b(z) = (5&)) , (1.5.4)

z= (Z) . (1.5.5)

With the definitions 1.5.3 to 1.5.5 and definition 1.4.5 the equation (1.5.2) can be
simplified as

10
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—r129 — az) — esign(riz; + 22)

U = B(2)

1.5.2 Nonlinear controller for reaching law with exponential rate

General equation

ulx) — _rla(z) + 531'9?(3(,2)) + krlz 56
8 el (156)

Special case 2" order

With the definitions 1.5.3 to 1.5.5 and definition 1.4.5 the equation (1.5.6) can be
simplified as

—ri1zo — az) — esign(riz; + 2z2) — k(r1z1 + 29)

B(z)

u(z) =

1.5.3 Nonlinear controller for reaching law with power rate

General equation

u(z) = — (1.5.7)

Special case 2" order

With the definitions 1.5.3 to 1.5.5 and definition 1.4.5 the equation (1.5.7) can be
simplified as:

—r1zo — a(z) — k|r1z1 + 22]%sign(riz1 + 22)

p(z)

u(z) =

11
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2 State space models

For the project, we analyzed two circuits. These are a cascaded RC circuit (Figure
5) and a simple RLC circuit (Figure 6), and both circuits are second-order low-pass
filters.

2.1 Linear circuits
2.1.1 Cascaded RC circuit

The following picture shows a cascaded RC circuit.

Figure 5: Cascaded RC circuit

The following equations are given from the circuit by Kirchhoff’s law

URl

1=1 +19 = R

i (2.1.1)
1 = — ] 1.
1 Cl 1w,

R (2.1.2)
To = — ] A
2 CQ 200,
u = URl + 2. (213)

By reshaping equation (2.1.1) and (2.1.2) the following equations for current i; =
Ci21 and 19 = Cyxy will sustain.

12
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The equation (2.1.1) can also be expressed as

T = UR2 + Ty = Rg’ig + Xy = RQCQjZ'Q —+ X9. (214)

In addition, the equation (2.1.3) can be expanded as

u = Rl’l +x = Rl(il -+ 22) +x = RlCli:l + Rngjzg + 2. (215)

Now, the equations (2.1.4) and (2.1.5) as

RlClil + Rlchz = —x + u, (216)

RQCQ.Z"Q = 1 — Ta.

In this case, the equations (2.1.6) and (2.1.7) can be shown in the matrix represen-

tation

R101 Rlcg I"l i —1 0 I 1

O Rl GGG e
The equation (2.1.8) can be solved for &; and &9

. 1 1 1 1
(?") = [—3101 | RO RG 1 <$1> + (Rlcl) u. (2.1.9)
T2 RaCo T R.Co) \ 712 0

To simplify the equation (2.1.9), the parameters will be chosen as: Ry = Ry = R,

and Cl = Cg =C
i 1 -2 1 T 1 /1
=== — . 2.1.1
()=rel? A C)rm () e

From equation (2.1.10) the following equations are obtained for ; and iy

.I"l = m(—le + X9 +U),
. 1
To — %(ﬂfl — .CEQ).

13
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A substitution must be done for the equation (2.1.10) to be represented in the
controllable canonical form, as mentioned in chapter 1.2.

For the substitution, the following variables will be defined

21 = T2,
21 = T2 = 22,

22 == LUQ

The variables x; and z5 can be replaced with the following equations

29 = X1 — 21— X1 = 21 + 29,

To — Z1.

For the substitution z; is already known, but 25 is not known yet. Therefore, Z5 has
to be calculated

_ L
 RC

-i'Q il - i.2)7

:%(

In formula 2.1.11 27 and x5 can be replaced and than is Z5 also known

1

= %(—Zl - 322 + U)

2

Finally, it is possible to represent the system in the controllable canonical form

()= 2 () raa )

14
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2.1.2 RLC circuit

The following picture shows an RLC circuit.

R L
O——~1 1 Y . O
1 UR UL
U C l T
O ® O

Figure 6: RLC circuit

The following equations are given from the circuit by Kirchhoft’s law:

Ur = Ri(t),
di(t
u(t) = Ur(t) + Up(t) + z1(t) = Ri(t) + Ld;—g) + %/i(t)dt. (2.1.12)
Now, the equation for the current i = C't can be insert in equation 2.1.12
u(t) = RCay + L% +x1 = RCi1+ LC%q + 2.

Next, the new variable x4 () will be introcuded with xo(t) = @1 (¢). From this follows
that @5(t) = #1(t) and with this ansatz the following equation is obtained

Since #; is already known it is possible to calculate o with equation (2.1.13) and
the outcome therefore is

1 R 1
E&h(t)—z ()+ﬁu()

Lt'gz—

With #; and 5 the state space model can be described by
i 0 1 0
(@)=L A G)=()
L2 Ic T L) \T2 IC

15
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2.2 Nonlinear circuits

In this section, the nonlinear circuits will be handled. The nonlinear part of the
circuit is represented as a nonlinear resistor. The voltage over the resistor will be

described as a function f(7).

2.2.1 Cascaded RC circuit

The following picture 7 shows a cascaded RC circuit with a nonlinear resistor Rs.

O * * O

Figure 7: Cascaded RC circuit with a nonlinear R;.

The following equations are given from the circuit by Kirchhoff’s law

L ) U ) .
z:21+22:%201$1+02$2,
1

Ure = f(iz) = f(Caiy),

T Zldt = UR2 + Ty = f(ZQ) =+ x9.

e

By reshaping equation (2.2.2) the following equation for & will sustain

1
i‘g = af_l(URQ).

(2.2.1)

(2.2.2)

(2.2.3)

Urs can be rewritten as following expression: Ugrs = x; — x9. The equation (2.2.3)

can be expanded as

. 1 .
To = af 1(371 - 56'2)'

16
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In the next step, formula (2.2.1) can be converted to

Uri Cy . U — T
€T = _— =
1 2 RO,

L
RO O T o)

Now, there are the following expressions for #; and x5 as

1

T 1
u,
Rlcl

. 1,
T = R.C, le (331 fl’z)

) 1 .
xzzaf 1($1—i€2)-

However, these expressions cannot be used to represent in the controllable canonical
form. Therefore, the Lie derivative is a useful tool to derive the desired controllable
canonical form for a nonlinear system

Oh(z)
I(x)

Lyh(z) = f(x) = grad"h(z) f ().

For example, the Lie derivative will apply to the output variable ¢

_ dc(x)
ox

Lgc(x) a(x).

If the temporal derivative of y will be calculated, the following equation accrues

- de(x) _ Jc(x) . - Je(x) . _ c(ar:)ZB

4 dt 0x; T 0x,, T o

It is now possible to calculate y,y and § with the following equations

y = c(z),
oc(x) .
=5 Loc(x),
_ OLge(x),
i=—p, &= Lac(@)

17
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For the following calculations the convention f~!(z) = g(x) holds and it yields to
the following equations

y _— (L‘27
= —Pr = —  — — = — — ,
y aiﬂ 81‘1 o + 0932@ 2 Ogg(ml $2)

.0y, Ogg(m — ) N Oz 9(21 — 22)
Y=oz T T om ory

1 . 1 .
— Fg/(xl — Zo)1 — =g (T — T2)To.
2

Cs

Next, the new state space coordinates z; = y, 2o = y will be introduced

z1 = T2,
1
2o = Eg(ml — Tg). (2.2.4)

With equation 2.2.4, z; can be calculated:
21 =9 ' (Caz) + 21 (2.2.5)

In this regard, the following equations occur for z; and Z,

21 = Z2,
. 1 / . 1 / .
o = 62 (151 - 1‘2)351 - 52 ($1 - 552)33'2
1 1 —1 . 1 10 —1
= =099 (Cozm) + 21 — 21)@1 — =4 (97 (Caza) + 21 — 21)22
Cg 02
. 1 11 I 1 1
e (g7 (Cazg) + 21 — 21)( RO, C (x1 — @) + R1C1u)
1,
BN (g 1(0222) + 21— 21) 20
2

18
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where %5 is further reformulated as

o1, YChzm)+2) 1 1 1,
2= 40/l ) (DA L0 + ) - 267 G
1
Y —g (Com) = 1 1 1 o1
=90 (Com)) (e c 2 gt gy (G

The following function and their inverse and derivative will be used

9(z) = tanh(z),
g Y(z) = atanh(z),

g (z) = sech?(z).

Now, the controllable canonical form for the nonlinear system can be represented by

Z 22 0 )
)= “1(Cyz29)—21 + _ U.
(22) (égl(g_l(cﬂﬂ)(_gl(gf—cl) - %22 - Zz)) (mgl(g H(Caz2))

19
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2.2.2 RLC circuit

The following picture 8 shows an RLC circuit with a nonlinear R.

R L
O—?—;} Y ® O
1 UR UL
U C l Y
O ® O

Figure 8: RLC circuit with a nonlinear R.

The following equations are given from the circuit by Kirchhoff’s law:

Ur = f(i),
y(t) = é/i(t)dt, (2.2.6)
u(t) = Ur(t) + UL(t) + y(t) = f(i) + Ld;—(? + é /i(t)dt. (2.2.7)

By reshaping formula 2.2.6 equation for the current will sustain

i(t) = Cy. (2.2.8)

Therefore, the equation 2.2.8 can be insert in equation 2.2.7 and it yields to

u(t) = f(Cy) + L% +y=f(Cy)+ LCij+y. (2.2.9)

20
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Now, the variables x; and x5 will be introduced

I =Y,
i’lzy'zfg,

To = 1.
These variables can be inserted in equation 2.2.9 and this leads to

u= f(Cxy)+ LCTy + 1. (2.2.10)

If equation 2.2.10 is solved to 5, the needed variables #; and &5 are known

1 1
(CQ?Q) — mxl + mu,

.7‘:32:

1
e

and subsequently, the following state space model will sustain

() Can ) ()"
Ty) —%xl—%ﬂc%) % '

21
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3 Controller design

In this chapter, the parameters which are mandatory for the controller calculation
which are described in chapter 1.4 and chapter 1.5 will be extracted, such that
finally, the controller u(x) can be implemented.

3.1 Linear circuits

For the linear controller design, the matrix

and the vector

= (o)

are needed. From the canonical form of each circuit the values ag, a; and by will be
given.

Linear cascaded RC circuit

1
ap = ——
°~ RC
o= =S
' RC

1
b = ——
' RC

22
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Linear RLC circuit

1
“W=TT0
a _E
7L

1
=16

3.2 Nonlinear circuits

For the nonlinear controller design, the vector

and the vector

are needed. And the variables a(z) and f(z) have to be defined.

Nonlinear cascaded RC circuit

21 <2 0 )
. = —1 29)—21 + _ u,
<Z2) (ég’(g‘l(czzz))(——g (oz)=m1 _ gy — zz)) (—31011029’(9 H(Cha))

23
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Nonlinear RLC circuit

jfl N T 0
() - (—— - %f@wa)) - (—) ¢

a(w) =~z — 7/ (Cm),
8(@) = 7

24
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4 Simulation

In the following chapters, the results of the simulation will be visualized.

4.1 Linear circuits
4.1.1 Cascaded RC circuit
Linear controller for reaching law with constant rate

The following pictures will illustrate the impact of the different control parameters,
r1 (Figure 9) and € (Figure 10). A linear cascaded RC circuit with R = 1Q and C' =
1F is simulated. When r; gets bigger, the system gets faster, and the undershoot
gets higher and vice versa. By increasing ¢, the system will also get faster.
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Figure 9: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of ry.
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Figure 10: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of ¢

Linear controller for reaching law with exponential rate

In the following picture, only the impact of the additional control parameter k is
simulated. Because, that is the only different parameter from the previous simulated
controller. With the increase of the additional control parameter k the system gets
even faster than the upper controller design.
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Figure 11: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of k

Linear controller for reaching law with power rate

Finally, the following pictures illustrate the impact of the different control param-
eters, r; (Figure 12), o (Figure 13), and k (Fiugre 14), of the third controller of
this project. Equally, as in the previous simulated controllers, if r; gets bigger, the
system gets faster. However, also the undershoot gets higher and vice versa. When
a gets bigger, the system gets faster as well. Lastly, by increasing k, the system will
also fast. The general difference in the simulation results of the third controller is
its smoother trajectory.
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Figure 13: The two upper diagrams show the noncontrolled circuit. The subjacent
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Figure 14: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of k
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4.1.2 RLC circuit

Linear controller for reaching law with constant rate

The following pictures will illustrate the impact of the different control parameters,
r1 (Figure 15) and ¢ (Figure 16). A linear RLC circuit with R = 1Q, C = 1F
and L = 1H is simulated. When r; gets bigger, the system gets faster, and the
undershoot gets higher and vice versa. By increasing of ¢ the system will also get

faster, but without overshoots.
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Figure 15: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of r;
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Figure 16: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of ¢

Linear controller for reaching law with exponential rate

In the following picture, only the impact of the additional control parameter k is
simulated. Because, that is the only different parameter from the previous simulated
controller. With the increase of the additional control parameter k the system gets

even faster than the upper controller design.
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Figure 17: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of k

Linear controller for reaching law with power rate

Finally, the following pictures illustrate the impact of the different control param-
eters, r; (Figure 18), a (Figure 19), and k& (Fiugre 20), of the third controller of
this project. Equally, as in the previous simulated controllers, if r; gets bigger, the
system gets faster. However, also the undershoot gets higher and vice versa. When
a gets bigger, the system gets faster as well. Lastly, by increasing k, the system will
also fast. The general difference in the simulation results of the third controller is
its smoother trajectory.
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Figure 18: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of r1
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Figure 19: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of «

33



Sliding-Mode Control for Nonlinear RC and RLC Circuits

Christian Dalea
Simon Scheerer

x1in[V], x2in [A]

x1in[V], x2in [A]

State vs time plot x1=f(t), x2=f(t)
RLC Circuit noncontrolled

x1(t)

- xe()

\
\
\
\
\
\
5 10 15 20 25 30
time tin [s]
State vs time plot family of curves x1=f(t), x2=f(t)
RLC Circuit controlled
x1(t), x2(t) with various k
r1=1, alpha=0.5

X1(t):k=1 ==~ x2(t): k=1

X1(1): k=2 x2(1): k=2

x1(t): k=3 =~ x2(t): k=3

x1(t): k=4 x2(t): k=4

X1(t): k=5 x2(t): k=5

X1(t): k=6~~~ x2(): k=6

X1(t): k=7 == x2(t): k=7

x1(t):k=8 ~——— x2(t): k=8

v \ . . .

5 10 15 20 25 30

time tin [s]

x2in [A]

YTy

x2in [A]

Phase plot x2=f(x1)
RLC Circuit noncontrolled

x1in [V]

Phase plot family of curves x2=f(x1)
RLC Circuit controlled

x2=f(x1) with various k
=1, alpha=0.5
x2=f(x1): k=1
x2=f(x1): k=2
x2=((x1): k=3
x2=((x1): k=4
x2=((x1): k=5
x2=f(x1): k=6
x2=((x1): k=7
—— x2=f(x1): k=8

Figure 20: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled linear circuit with various values of k
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4.2 Nonlinear circuits
4.2.1 Cascaded RC circuit
Nonlinear controller for reaching law with constant rate

The following pictures will illustrate the impact of the different control parameters,
r1 (Figure 21) and e (Figure 22). A nonlinear cascaded RC circuit is simulated
with Ure = f(iz) and C' = 1F. When r; gets bigger, the system gets faster, and
the undershoot increases. In addition, if r; is selected too high, the undershoot
will increase, and the return values will be in the complex number range. This
results from the function which will be used because their domain is limited from
—1 < z < 1. If the function’s argument is outside of this domain, the returned
value will be a complex number, and the source code is running into a numerical
issue because it cannot handle complex numbers. Therefore, a min/max function
was implemented. This function will check if the values taken for the next iteration
are in the legal domain. If a value is not in the legal domain, it will shift the value
so that the following calculation will not be complex. On the one hand, this ensured
that the calculation was not complex anymore. On the other hand, it can be seen
that the simulation results still show that if this function applies, the curves will
take an unexpected shape, see the yellow curve in Figure 21. The same effect occurs
if € is increased. However, the undershoot will not rise to the same level as then r;
will be increased.
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Figure 21: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of r;. The yellow
curve shows the impact of the min/max function.
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Figure 22: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of ¢.
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Nonlinear controller for reaching law with exponential rate

In the following picture, only the impact of the additional control parameter k is
simulated because that is the only different parameter from the previous simulated
controller. With the increase of the additional control parameter k, the same issue
as the controller before. Therefore, k cannot be chosen arbitrarily large.
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Figure 23: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of k.
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Nonlinear controller for reaching law with power rate

In the following pictures, the graphs have the same behavior. If one control param-
eter is increased, the system gets an undershoot, and the system output will be in
the complex number range.
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Figure 24: The two upper diagrams show the noncontrolled circuit. The subja-
cent diagrams show the controlled nonlinear circuit with various values of 1. The
turquoise curve shows the impact of the min/max function.

38



Christian Dalea
Sliding-Mode Control for Nonlinear RC and RLC Circuits Simon Scheerer

State vs time plot x1=f(t), x2=f(t) Phase plot x2=f(x1)
5 Cascaded RC Low Pass Filter with nonlinear R 5 Cascaded RC Low Pass Filter with nonlinear R
) ]
4 4
Sl
23 =3
£ 2
o £
< o
c2f x2
]
1F 1
0 T 0
0 5 10 15 20 25 30 0 05 1 1.5 2 25 3 35 4 4.5 5
time tin [s] x1in [V]
State vs time plot family of curves x1=f(t), x2=f(t) Phase plot family of curves x2=f(x1)
Cascaded RC Low Pass Filter with nonlinear R 5 Cascaded RC Low Pass Filter with nonlinear R
WL ~
= =3 /
£ =
o OF — - £
ol x1(t), x2(t) with various alpha o, | [xe=txt) with various aipha
-] 5, 2 1=0.
x1(9): alpha=0.1 —~--~ x2(r1): alpha=0.1 x2=f(x1): alpha=0.1
x1(): alpha=03 X2(r1): alpha=0.3 x2=f(x1): alpha=0.3
x1(9): alpha=0.5 ~---- x2(r1): alpha=0.5 1 x2=f(x1): alpha=0.5
x1(): alpha=0.7 x2(r1): alpha=0.7 xe=f(x1): alpha=0.7
x1(t): alpha=0.9 x2(r1): alpha=0.9 x2=f(x1): alpha=0.9
5 . I I I 0 I " " . . . . .
0 5 10 15 20 25 30 -5 -4 -3 -2 -1 0 1 2 3 4 5
time tin [s] x1in[V]

Figure 25: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of . The magenta
curve shows the impact of the min/max function.
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Figure 26: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of k. The yellow
curve shows the impact of the min/max function.
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4.2.2 RLC Circuit
Nonlinear controller for reaching law with constant rate

The following pictures will illustrate the impact of the different control parameters,
r1 (Figure 27) and € (various 28). A nonlinear RLC circuit is simulated with Ugr =
f(i), C = 1F and L = 1H. If the RLC circuit is compared to the cascaded RC
circuit, the noncontrolled circuits’ behavior is different. At the cascaded RC circuit,
the voltage will decrease to 0V, the RLC circuit oscillates, and the system will be
destroyed.

The controlled circuits also have another behavior compared to the cascaded circuit.
When r; gets bigger, the undershoot and overshoot will decrease (Figure 27). There
is similar behavior for an increasing ¢, but with increasing ¢ the system will be faster,
but the undershoots are increasing (Figure 28).
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Figure 27: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of 7.
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Figure 28: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with variou values of e.

Nonlinear controller for reaching law with exponential rate

In the following picture, only the impact of the additional control parameter k is
simulated because that is the only different parameter from the previous simulated
controller. With the increase of the additional control parameter k, the system will
be faster but the undershoots are increasing.
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Figure 29: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of k.

Nonlinear controller for reaching law with power rate

In the following pictures, the graphs have the same behavior. If one control param-
eter is increased, the system gets some undershoot.

43



Sliding-Mode Control for Nonlinear RC and RLC Circuits

Christian Dalea
Simon Scheerer

State vs time plot x1=f(t), x2=f(t)
LC Circuit with nonlinear R noncontrolled

30
20
< 10t R
=3 N\ \
S0 \
X \
s’ Vi
£ \ \
%11 AW y
20
-30
0 5 10 15 20 25 30
time tin [s]
State vs time plot family of curves x1=f(t), x2=f(t)
LC Circuit with nonlinear R controlled
xA(t), x2(t) with various r1
alpha=0.5, k=1
x1():A=1 ———— x2(t): =1
x(0: r1=2 x2(1):r1=2
x1():1=3 — - - - x2(t): =3
x1(t): =4 x2(t): =4
X1(t): =5 x2(t): 11=5
-4
0 5 10 15 20 25 30
time tin [s]

Phase plot x2=f(x1)
LC Circuit with nonlinear R noncontrolled

30

-30
-30 -20 -10 0 10 20
x1in [V]
Phase plot family of curves x2=f(x1)
5 LC Circuit with nonlinear R controlled
x2=f(x1) with various r1 ‘\\ N
4r alpha=0.5, k=1 NN\ 1
3k
2L
z .
=
o 0
%
-1
2
3 N — ]
-4
2 0 2 4 6 8
x1in [V]

Figure 30: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of r1.
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Figure 31: The two upper diagrams show the noncontrolled circuit. The subjacent
diagrams show the controlled nonlinear circuit with various values of «.
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diagrams show the controlled nonlinear circuit with various values of k.
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5 Controller design in C

The following chapters will illustrate the implementation in C of each linear and
nonlinear controller. The associated C function with its inputs and return values
will be visualized.

5.1 Linear circuit

The following subchapters will introduce the three linear controllers Reglerl, Regler2,
and Regler3.

Reaching law with constant

Reglerl (x1(i),x2(i),a0,al,rl ,e,soll bl)
/*Returns the value u for the specified controller =/
u = ((—xla0 — x2(rl+al) — esign((rlxl)+x2 — refrl))/bl);
return u

Exponential reaching law

Regler2 (x1(i),x2(i),a0,al,rl,e,k,soll ,bl)
/*Returns the value u for the specified controller =/
u = ((—xla0 — x2(rl+al) — esign((rlxl)+x2 — refxrl)
— k((rlx1)+x2 — refrl))/bl);
return u

Reaching law with power rate

Regler3(x1, x2, a0, al, rl, alpha, k, ref, bl)
/*Returns the wvalue uw for the specified controller +/
u = ((—xla0 — x2(rl+al) — kabs(rlxl4+x2—refrl )" alphasign
(rlx14x2—refrl))/bl);
return u
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5.2 Nonlinear circuit

The following subchapters will introduce the three nonlinear controllers Reglerl,
Regler2, and Regler3.

Reaching law with constant

Reglerl (x1(i),x2(i),a0,al,rl ,e,soll  beta)
/*Returns the value u for the specified controller x/
u = (—((rla0+al+esign(rixl4x2—rlref))/beta));
return u

Exponential reaching law

Regler2 (x1(i),x2(i),a0,al,rl e ,k,soll b)
/#*Returns the value u for the specified controller x/
u = (—((rla0+al+esign (rilxl4x2—rlref)
+k(rlxl4x2—rlref))/b));
return u

Reaching law with power rate

Regler3(x1, x2, a0, al, rl, alpha, k, ref b)
/*Returns the value u for the specified controller =/
u = (—((rla0+al+kpow(abs_calc ,alpha)
sign (rlxl4x2—refrl))/b));
return u
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